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HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

An equation of the form

0"z 0"z 0"z
ki e ky— = F(x, 1
a n + 18Xn—18y i Sy ayn (X y) ( )

in which k's are constants, is called a homogeneous linear partial
differential equation of the nth order with constant coefficients. It
is called homogeneous because all terms contain derivatives of the
same order.

9" 0"

On writing, o = D" and @ =D"

(1) becomes (D" + kD" XD + -+ + ko D'™)z = F(x, y)

or briefly
fiD, D)z = F(xy) (2)



As in the case of ordinary linear equations with constant
coefficients the complete solution of (1) consists of two parts,
namely: the complementary function and the particular integral.
The complementary function is the complete solution of the
equation (D, D')z =0, which must contain n arbitrary functions.
The particular integral is the particular solution of equation (2).



RULES FOR FINDING THE COMPLEMENTARY
FUNCTION

2 2 2
Consider the equation ng + klaaxﬁzy + kzgyj =0 -(1)
which in symbolic form is (D? + kyDD' + kyD'*)z =10 -(2)
Its symbolic operator equated to zero, i.e.,
D? + kyDD' + kyD'? = 0 is called the auxiliary equation (A.E.)
Let its root be D/D = my, my.



Case |. If the roots be real and distinct then (2) is equivalent to
(D—mD)(D—-mD)z=0 (3)
It will be satisfied by the solution of
(D—myD)z=0, ie, p—myq=0.
This is a Lagrange’s linear and the subsidiary equations are

d d d.
@ _ Y :—Z, whence y+ mox=a and z=b.
1 — My 0

its solution is z = ¢(y + max).



Similarly (3) will also be satisfied by the solution of
(D—mD)z=0, ie, byz=Hfy+ mx)

Hence the complete solution of (1) is z= fy+ m1x) + ¢(y+ max).



Case Il. If the roots be equal (i.e., m; = my), then (2) is
equivalent to
(D—mD)?z=0 (4)

Putting (D— m1D')z = u, it becomes (D — m;D')u = 0 which gives
u=¢(y+ mx)

.. (4) takes the form (D — miD')z = ¢(y + mix) or
p— miq= ¢(y+ mx)
This is again Lagrange's linear and the subsidiary equations are

dx dy dz

L —m  o(y+ mx)

giving y+ mix=aand dz= ¢(a) dx, i.e, z= ¢(a)x+ b
Thus the complete solution of (1) is

z—x¢p(y+mx) = y+mx), ie, z=Ry+mx)+xp(y+mix).



0?z 0%z 0?z
Example Solve 2@ + Sm + 287_)/2 =0.
Solution. Given equation in symbolic form is
(2D? 4+ 5DD' +2D'?)z = 0.
Its auxiliary equation is 2m? + 5m + 2 = 0, where m = D/ D .
which gives m=-2,-1/2.

Here the complete solution is z= f(y — 2x) + f(y — 3x)
which may be written as z = fi(y — 2x) + (2y — x).



Example Solve 4r+ 125+ 9t = 0.

Solution. Given equation in symbolic form is
(4D% + 12DD' +9D?)z =0

f 0%z 5

or r= 92 =Dz s

0%z 9%z 5
= axay_ DDz and t = 87)/2 = D?z

.. Its auxiliary equation is 4m? + 12m + 9 = 0, whence
m=—3/2,-3/2
Hence the complete solution is z = fi(y — 1.5x) + xfz(y — 1.5x).



RULES FOR FINDING THE PARTICULAR INTEGRAL

Consider the equation (D? + k1 DD’ + kpD'?)z = F(x,y) ie.,
fD, D)z = F(xy).

1
Pl = F(x
f(D, D/) ( J .y)
Case |. When F(x,y) = e™tby
Since De¥tby — gextby . [y gaxtby — peaxtby
D2eax+by — a2eax+by . DDleax+by —_ abeax+by
and Dl2 e.ax—l—by = b2 eax+by

(D? 4 kyDD' + kyD'?)e®>FDY = (2% + kyab + kyb?) €D

ie., (D, D) e>*b = fla, b) ey
Operating both sides by 1/f(D, D), we get
Pl = 1 eaerby — 1 eax+by

D, D) fla, b)



Case Il. When F(x,y) = sin(mx+ ny) or cos(mx + ny)

Since D? sin(mx + ny) = —m?sin(mx + ny)
DD’ sin(mx + ny) = —mnsin(mx + ny)
and D% sin(mx + ny) = —n?sin(mx + ny)

fiD?, DD, D'?) sin(mx+ ny) = {—m?, —mn, —n?) sin(mx+ ny)
Operating both sides by 1/f{D?, DD/, D'?), we get

1 1

PI = msin(mX"_ny) =

e p——— sin(mx+ny)

Similarly about the P.1. for cos(mx+ ny).



Case lll. When F(x,y) = x™y", m and n being constants.

1

Pl = W

XTy" = [fD, D) X"y

To evaluate it, we expand [(D, D')]~! in ascending powers of D or
D' by Binomial theorem and then operate on x™y" term by term.

Case IV. When F(x, y) is any function of x and y.

1

Pl = AD.D)

F(x,y)

To evaluate it, we resolve 1/f(D, ') into partial fractions treating
D, D) as a function of D alone and operate each partial fraction
on F(x, y) remembering that

1

mF(X, y) = / F(x, ¢ — mx) dx

where c is replaced by y + mx after integration.



WORKING PROCEDURE TO SOLVE THE EQUATION

0"z 0"z 0"z

o T Rgarigy T T hgg (%)
Its symbolic formis (D" + kyD" 1D + --- + k,D'™)z = F(x, )
or briefly iD, D)z = (X7 y)

Step I. To find the C.F.
(i) Write the A.E.

ie., m" + kim" ' 4+ ... + k, = 0 and solve it for m.

(ii) Write the C.F. as follows

Roots of A.E. C.F.

1. mi, mp, m3... (distinct roots) Ay + mix) + h(y + mox) + f(y + msx) + . ..

2. my, my, ms... (two equal roots) Ay + mix) + xfa(y + mix) + f(y + m3x) + ...

3. my, my, my ... (three equal roots) | fi(y+ mix) + xfa(y + mix) + 2 H(y + mix) + ...




Step Il. To find the P.I.

1
From the symbolic form, P.I. = WF(X, y).
1
(i) When F(x,y) = e P = Wea”by [Put D= a and
D = b
(ii) When F(x, y) = sin(mx+ ny) or cos(mx+ ny)
P.l —;s'n or cos(mx+ ny)
"~ T fD?, DD, D7) B
D? = —m? DD = —mn, D? = —n?]
1
(iii) When F(x,y) = x™y", P.I. = Wx’")/’ = [AD, D)~ tx™y".

Expand [(D, D')]~! in ascending powers of D or [ and operate on
xMy" term by term.

1
(iv) When F(x, y) is any function of x and y P.I. = WF(X, y).



Resolve 1/f{D, D) into partial fractions considering (D, D') as a
function of D alone and operate each partial fraction on F(x, y)
remembering that

1

mF(X, K= / F(x, ¢ — mx) dx

where c is replaced by y + mx after integration.

Example Solve (D? + 4DD' — 5D'?)z = sin(2x + 3y).

Solution. A.E. of the given equation is m* +4m—5=0 i.e.,
m=1,-5
C.F.=fi(y+x) + h(y—5x)



1
- D2+ 4DD — 5D
[Put D? = —22 DD/ = —2 x 3, D> = —3?]

1 1
= in(2 3y) = —sin(2 3y).
a7 4(6) —5(—9) " T 3) = g7 sin(2x+3)

P.I.

sin(2x + 3y)

1
Hence the C.S. is z= fi(y + x) + f(y — 5x) + 7 sin(2x + 3y).



8%z 0%z

Example SO/Ve @ — Wy

= COS XCOS 2y.

Solution. Given equation in symbolic form is
(D? — DD')z = cos xcos 2y.
Its A.E. is m*> — m =0, whence m=0, 1.

CF. = fi(y) + fly+x)

1 1 1
PI = m COS X COs 2y: Em[cos(x+ 2y) + COS(X* 2y)]
1 1
== | = 2y) [Put D? = —1,DD = =2
5 [D2—DD’COS(X+ y) [Put , ]
1 2
+m COS(X— 2y):| [Put D = —1, DD = 2]

1 1
=5 [_1+2cos(x+ 2y) + cos(x—2y)]

-1-2

1 1
=5 cos(x + 2y) — 6 cos(x — 2y)



Hence the C.S. is ) \
z=f(y) + h(y+x)+ 5 cos(x+ 2y) — 6 cos(x — 2y).



3 3
Example Solve ng — 28(22(;)/ = 26> 4 3:4y.

Solution. Given equation in symbolic form is
(D® — 207D )z = 2e* + 3x%y
Its A.E. is m® —2m? = 0, whence m = 0,0, 2.

C.F. = fi(y) + xf(y) + f(y + 2x)



1 1

Pl = m(ﬁw 3y =2yt 3mxzy
:zﬁmgw %(1_20’/0)—1)@
_ie2x+;3(1+2g+4§2/2+...>x2y
_ %ezx+% <X2y+f)x2.1>
e 2 <x2y+§x3 [.-;f(x)—/f(x)dx}
= %éww%w 4);66 [smce ﬁf(x):/ U (/f(x)dx> dx] dx}



e oy X
4 20 60

Hence the C.S. is
z=fi(y) + xB(y) + f3(y + 2x) + & (156 + 35y + x°).

Example Solve r — 4s+ 4t = 1Y,

iz » 4& +4iz — Xty
Ox? Ox0y  0y?

i.e., in symbolic form (D? — 4DD' + 4D'?)z = &1V,

lts A.E. is (m —2)? = 0, whence m =2, 2.

Solution. Given equation is

C.F. = i(y+ 2x) + xfa(y + 2x)

Pl— L ety

(D—2D)?



The usual rule fails because (D —20D/)2 =0 for D=2 and D/ = 1.
. to obtain the P.l., we find from (D — 2D')u = €>1, the solution

u= / F(x, c—mx) dx = /e2x+(°_2") dx = xe° = xe” V[ "y = c—2]
and from (D — 2D')z = u = xe®*Y, the solution
z= /xe2X+(c 2) dy = x2e 2x2e2X+y

Hence the C.S. is z = fi(y + 2x) + xh(y + 2x) + 2x2e>*.



822 0%z 822

92 76x8y 8 =5 = cos(2x+y).

Example Solve

Solution. Given equation in symbolic form is
(D? + DD’ — 6D'?)z = cos(2x + y)
Its A.E. is m?> + m—6 =0 whence m = —3,2.

C.F. = fi(y—3x) + fo(y +2x).

Since D?> + DD — 6D? = —22 — (2 x 1) —6(—1)2 =0
*. It is a case of failure and we have to apply the general method.



1 1

52+ b0 — 602 Y = (530D 20)

1 [/ 1
cos(2x + ¢ — 2x) dx] = — [/ cos cdx}
D+ 3D c—ry+2x D+3D c—y+2x

cos(2x+ y)

= D130 x xcos(y+ 2x) = {/xcos(c—k 3x + 2x) dx}

c—y—3x

/xcos(5x+ c) dx}
c—y—3x

xsin(5x+¢)  cos(5x+ c)
+
5 25 c—y—3x

1
sin(5x+y — 3x) + % cos(bx+y—3x) = gsin(2x+ Y)

[Integrating by parts]

+ % cos(2x+ y)



Hence the C.S. is

1
z=Ff(y—3x)+ h(y+2x) + gsin(2x+ y) + 5 cos(2x + y).



